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ABSTRACT 
In view of possible applications to abstract convex programs, Barker, Laidacker, 
and Poole have made an initial study of p-exposed cones and o.p.-exposed cones by 
restricting their attention to closed, pointed cones. A study of these cones is continued 
in this paper. Sufficient conditions for a face of a proper cone to be a p-exposed or an 
o.p.-exposed face are established. Characterizations of o.p.-exposed cones among 
polyhedral cones are also obtained. The relation between exposedness and p-exposed- 
ness of faces of a general cone is examined. As one consequence, a question posed by 
Iochum is answered in the finite dimensional case; that is, there is no finite-dimen- 
sional semiregular self-dual cones which are not regular. Also, a conjecture posed by 
Barker and Thompson on p-exposed faces of P(n), that the cone of all real polynomi- 
als of degree < n which are nonnegative on the closed interval [O, 11, is settled. 
1. INTRODUCTION 
Borwein and Wolkowicz [6] introduced the notion of a projectionally 
exposed face (see the definitions in the next section) in connection with their 
study of the abstract convex program: Minimize f(x) subject to g(x) E - K, 
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x E R, where f, g are respectively a convex function and a K-convex 
function, R is a convex set, and K is a finite-dimensional (convex) cone. In 
particular, it has been shown that when the face of K generated by the image 
of the feasible set under - g is a projectionally exposed face, then certain 
multipliers, associated with optimality, may be chosen from a smaller set (see 
[6, $61). This suggests that a study of (finite-dimensional) projectionally 
exposed cones may be both applicable and intrinsically interesting. Barker, 
Laidacker, and Poole [3] have made an initial study of these cones by 
restricting their attention to closed, pointed cones. In this paper, we continue 
the study of projectionally exposed cones. Whenever possible, we give our 
results in the setting of general cones. We now give an outline description of 
the main contents of our paper. 
The necessary cone-theoretic definitions together with relevant refer- 
ences are given in Section 2. Basic results on p-exposed (projectionally 
exposed) or o.p.-exposed (orthogonal projectionally exposed) cones will also 
be collected. 
In Section 3 we give a necessary and sufficient condition for a maximal 
face of codimension one of a proper cone to be a p-exposed (or o.p.-exposed) 
face. As an immediate corollary we obtain the known result that every proper 
polyhedral cone is a p-exposed cone (see [3, Theorem 2.41). Then we give 
two equivalent conditions for a proper polyhedral cone to be an o.p.-exposed 
cone. Our result completes the result given by Barker, Laidacker, and Poole 
[3, Theorem 2.101. 
The relation between p-exposedness and exposedness of faces of a 
(general) cone is examined in Section 4. In particular, we prove that a 
p-exposed cone is also a facially exposed cone. Characterizations of p- 
exposed proper cones with dimension not exceeding four are also given. 
Incidentally, we also show that there are no (finite-dimensional) semiregular 
self-dual cones which are not regular, thus answering partially a question 
posed by Iochum [7]. Our proofs or constructions of examples depend often 
on the concept of the cone of a convex set at a point developed before (see 
Tam [13], Sung and Tam [lo], and Lowey and Tam [8]). 
In Section 5 we settle a conjecture raised by Barker and Thompson 141 on 
p-exposed faces of P(n), th e cone of all real polynomials of degree less than 
or equal to rr which are nonnegative on the closed interval [0,1]. 
The question of determining when a nonclosed cone is p-exposed is, in 
general, an intricate problem. Discussions and examples of this will be given 
in Section 6. A necessary condition and a sufficient condition will also be 
offered. 
Finally, in Section 7 we give sufficient conditions for a face (not necessar- 
ily of codimension one) of a proper cone to be a p-exposed or o.p.-exposed 
face. 
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2. PRELIMINARIES 
Elementary knowledge of cones is assumed. The reader will find a good 
account of cone theory with extensive references in Barker [2]. To fix 
notation and terminology, we begin with some definitions. 
A nonempty subset K of a finite-dimensional real vector space V is called 
a (convex) cone if for any CY,~ > 0 and I, y E K, we have ox + /3y E K. K is 
closed if it is closed in the usual topology of V. K is pointed if K IT( - K) = 
{O}. If span K, th e 1 inear span of K, is V, then K is called reproducing. A 
closed, pointed, reproducing cone will be called a proper cone. 
The interior and closure of a set S in V are denoted respectively by int S 
and cl S. The relative interior of S in its affine hull is denoted by relint S. For 
a cone K in V, K is reproducing iff K is full, i.e., int K +0. A subcone F of 
a (general) cone K is called a face of K if x, y E K and x + y E F imply 
x, y E F. Then we write F 4 K. An intersection of faces of K is clearly also a 
face of K. If S G K, then the intersection of all faces of K containing S is 
called the fuce of K generated by S and is denoted Q(S). If S = ix}, we 
write Q,(x) for simplicity. Denote by Y-(K) the set of all faces of K. Then 
Y(K) forms a complete lattice of finite length under the partial-ordering set 
inclusion, with meet and join operations given by F A G = F n G and 
F V G = @(F U G). It is easy to show that the smallest and the greatest 
element of the lattice F(K) are respectively L and K, where L = K f~ ( - K) 
is the lineality space of K. Faces of K other than L and K are called 
nontrivial faces of K. A maximal face is a face different from K which is not 
contained in any face of K other than K and itself. By the dimension of a 
cone (or ofu face) we mean the dimension of its linear span. A vector x E K 
is called an extreme vector of K if Q(r) = {Ax : A 2 O}. The face generated by 
a nonzero extreme vector of K is called an extreme ray of K. For properties 
of faces of a closed, pointed cone, see Barker [2, Section II]. For a general 
cone, see Tam [13, Section 21. 
For any nonempty subset S of V, we denote by pos S the positive hull of 
S, i.e., the set of all possible nonnegative linear combinations of vectors in S. 
Then we also say pos S is generated by S. It is well known that every closed, 
pointed cone is generated by .its extreme vectors. A cone is said to be 
simpZicia2 if it is generated by linearly independent (extreme) vectors. 
A cone K is called a direct sum [an orthogonal direct sum] of K, and K,, 
and we write K = K,@K,, if(a) K = K, + K, and if(b) span K, nspan K, = 
(0) [(cl the subspaces span K 1 and span K 2 are orthogonal, V being endowed 
with an inner product]. A cone K is called decomposable if there exist 
nonzero subsets K 1 and K, such that K = K 1@ K,; otherwise, K is indecom- 
posable. 
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Given an inner product ( , ) of V, the dual of a nonempty subset S in V, 
denoted by S*, is given by S* = 1.z E V: (z, y) 2 0 for all y E S}. S* is always 
a closed cone, and is referred to as the dual cone of S when S is itself a 
cone. The dual of S in its own linear span is denoted by S”. For properties of 
the duality operation on sets, see Berman [5, Section 21. The concept of 
duality can be defined in a more general setting in terms of sets in a vector 
space and its dual space (see, for instance, Barker [2]). For simplicity and 
brevity, except in Section 5, we shall restrict ourselves to Euclidean spaces 
R”. By making obvious changes, most of our results can be formulated in the 
more general setting. 
By the duality operator of a cone K, we mean the mapping d, : F(K) -+ 
F(K*) given by d,(F) =(span F)l n K*. We shall call d,(F) the dual 
face of F. Similarly, we have a mapping 82 : 9(K*) + F(K) given by 
6,*(G) = (span G)I n K, which is usually different from d,,, unless K is 
closed. For properties of d, and Sg, see Tam [13]. A face F of K is said to 
be exposed if there exists G 4 K* such that S,Y(G) = F. It is known that for 
any F II K, F f K, F is an exposed face of K iff F is the intersection of K 
with a (supporting) hypersubspace. A cone K is called facially exposed iff 
every face of K is exposed. An equivalent condition is that the duality 
operator d K of K is one-to-one. (For other equivalent conditions, see Tam 
[13, Proposition 2.51.) The mapping S$ 0 d,: F(K) + F(K) is a closure 
operation, which we shall denote by cl,. It can be shown that for any F 4 K, 
cl,(F) is the smallest exposed face of K containing F. Also, F is exposed iff 
F = cl,(F). 
We shall use the words “matrix” and “linear operator” interchangeably. 
Let K be a cone (in some finite-dimensional real vector space). Denote by 
r(K) the set of all linear operators of span K taking K into itself. A face F of 
K is called a p-exposed (projectionally exposed) face of K iff there is a 
projection P E r(K) with range space span F; or equivalently, there 
is a projection P satisfying PK = F. If every face of K is p-exposed, we call 
K a p-exposed cone. For any F 4 K, we shall denote by PF the orthogonal 
projection of span K onto span F. F is said to be an o.p.-exposed (orthogonal 
projectionally exposed) face of K if PE. E r(K). If every face of K is 
o.p.-exposed, we call K an o.p.-exposed cone. It is clear that in considering 
the question of p-exposedness or o.p.-exposedness there is no loss of general- 
ity in restricting ourselves to full cones. 
For the sake of convenience, we collect below some easy, basic results 
concerning p-exposedness or o.p.-exposedness of cones. 
LEMMA 2.1. The direct sum (orthogonal direct sum) of finitely many 
p-exposed (o.p.-exposed) cones is a p-exposed (o.p.-exposed) cone. 
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LEMMA 2.2. If K is a p-exposed (o.p.-exposed) cone, then so is each face 
of K (as a cone in its own right). 
Proof. Let K be a p-exposed cone. Let F 4 K and let H d F. Then 
H d K. So by the definition of a p-exposed cone there exists a projection P 
in r(K) with !R( P) = span H, where s(P) denotes the range space of P. 
Then clearly the restriction map PI rpan F E rTT( F), ( PIspan F)’ = Plsp;,” F, and 
%( PIspan F) = span H. Hence H is a p-exposed face of F. Since this is true for 
every face H of F, it follows that F is a p-exposed cone. 
Now suppose that K is a full o.p.-exposed cone. Let H 4 F 4 K. Then 
clearly P,, E 7~( K) and P,,lcpan F E r( F 1. Furthermore, since (span H) 1 = 
(span F) 1 @[(span H)l nspan F] (where the complements are taken in 
span K), it follows that PI,lspan p is in fact the orthogonal projection of span F 
onto span H. We have shown that F is an o.p.-exposed cone. n 
LEMMA 2.3. Let E 4 F 4 K. If E is a p-exposed (o.p.-exposed) face of F 
and F is a p-exposed (o.p.-exposed) face of K, then E is a p-exposed 
(o.p.-exposed) face of K. 
LEMMA 2.4. Every p-exposed cone is the direct sum of a linear subspace 
(possibly the zero space) and (finitely many) indecomposable p-exposed 
cones. 
Proof. Let K be a p-exposed cone. Then K is the direct sum of its 
lineality space L and the pointed cone K n Ll. We first show that K n Ll 
is also a p-exposed cone. Let F 4 K n LI. Then F @ L 4 K (and in fact, 
every face of K is of this form). Hence there exists a projection P in r(K) 
with range space span( F CB L). Let Q be the projection of span( F @ L) onto 
span F along L. Then Q 0 P E r(K) and is a projection with range space 
span F. 
As a pointed cone, K n L 1 is a direct sum of indecomposable subcones. 
But each summand in the direct decomposition is a face of K n LI and 
hence by Lemma 2.2 is itself a p-exposed cone. Our assertion clearly follows 
readily. n 
We shall also need the following result, which is not difficult to prove. 
LEMMA 2.5. Let K be a closed cone in R”, and let W be a linear 
subspace of R”. Denote by P the orthogonal projection of R” onto W. Then we 
have : 
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(a) The dual of P[K*] in W is equal to W n K, w.here K * is the dual of K 
in R”. 
(b) The dual of W n K in W is cl P[ K*]. 
3. P-EXPOSED FACES OF CODIMENSION ONE 
A major step taken by Barker, Laidacker, and Poole in establishing their 
main results in [3] (namely, Theorems 2.4, 2.6, and 2.10) was to show that 
each maximal face of a proper polyhedral cone (hence, necessarily of codi- 
mension one) is a p-exposed face. In effect, they proved more than this. After 
reformulation we can put their result in the following way. 
THEOREM 3.1. Let K be a proper polyhedral cone in R”. Let M be a 
maximal face of K. Denote by C the cone generated by extreme vectors of K * 
lying outside the extreme ray d,(M). For any nonzero vector u E R”, denote 
by P,, the projection of R” onto span M along spa&). Then C* \ K is 
nonempty, and for any u E R”\span M, we have P, E r(K) iff either u or 
- IA belongs to C* \ K. (Hence M is a p-exposed face of K .> 
The argument which Barker, Laidacker and Poole use in establishing the 
above result can be modified to yield the following theorem. For conve- 
nience, we call two nonzero vectors of R” distinct if they are not positive 
multiples of each other. 
THEOREM 3.2. Let K be a proper cone in R”. Let M be a maximal face of 
K of codimension one. Write the extreme ray d,(M) of K* as Q.(w), where w 
is a nonzero extreme vector of K*. Denote by C the cone generated by 
extreme vectors of K * lying outside d,(M). Then: 
(a) The following conditions are equivalent: 
(i) M is a p-exposed face of K; 
(ii) w G cl C; 
(iii> w is not the limit of a convergent sequence of extreme vectors of K * 
all distinct from w. 
(b) M is an o.p.-exposed face of K iff ( w , 2 ) < 0 for any extreme vector .z of 
K* distinct from w. 
Proof. (a) (ii) 3 (i) S ince C E K*, clearly we have K G C*. In fact, the 
containment is proper; otherwise, from K = C* we obtain K* = cl C, and 
hence w E cl C, which is a contradiction. Choose any vector u E C* \ K. 
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Denote by P the projection of R” onto span M along the span(u). We 
contend that P E T(K). Then it will follow that M is a p-exposed face of K. 
Let x E K. Then (w, x ) > 0. Since ( w, U) < 0, which follows by our choice 
of U, clearly there exist LY 2 0 such that (w, x + (YU) = 0. But P is the 
projection of R” onto span M = [span{w]] ’ along span(u); hence Px = x + 
au. As x, u EC*, we have Px = x + au E C*. Hence (Px, z) 2 0 for any 
extreme vector z of K* distinct from w. Also we have (Px, w) = 0. It follows 
that A E K. This proves that P E n-(K). 
(i) 3 (ii): Suppose that there is a projection P in r(K) with range space 
span M. Then the null space of P is of dimension one, generated by, say, the 
vector u. Replacing u by - u if necessary, we may assume (u, w ) < 0. We 
contend that (u, Z) > 0 for every extreme vector .z of K* distinct from w. 
Then u E C* and hence w P cl C. 
Assume the contrary: that (u, s) < 0 for some extreme vector z of K* 
distinct from 20. By the cone version of Straszewicz’s theorem (Rockefeller 
[9, Theorem l&6]), each extreme vector of K* is the limit of a convergent 
sequence of exposed extreme vectors of KY. Hence, the vector z can be 
taken to be an exposed extreme vector of K*. Then d,,(@(z))p d,,(@(w)); 
otherwise, Q(w) = d,,(M) = d, 0 d,,(@(u;)) L d, 0 d,,(@(z)) = Q(z), 
where the last equality holds because Q(z) is exposed. This contradicts the 
assumption that W,Z are distinct vectors. SO we can choose some vector 
x E ~&Q(Z))\ d,,(Q(w)). Since (u, w) < 0 and (2, w) > 0, for some LY > 0 
we have (x + (YU, w) = 0. Then the vector x + (YU is in fact Px and belongs 
to K. On the other hand, we also have (r + (YZL, .z) = a(u, Z) < 0. As 
z E K*, this implies that r + (YU P K. Hence we have arrived at a contradic- 
tion. 
(ii) * (iii): Obvious. 
(iii) * (ii): Assume the contrary, that w E cl C. Take a full cross-section F 
of K* that passes through w. Then F is a compact convex set of dimension 
n - 1, w is an extreme point of F, and there exists a sequence of points 
(Ziji E N converging to w such that each zi belongs to the convex set 
generated by extreme points of F other than w. According to Caratheodory’s 
theorem, we can write zi as hil.zil + . . . + hinzin, where zil,.. ., zin are 
extreme points of F not necessarily distinct, but all different from w, and 
Aj,,..., hi,, are nonnegative numbers with ET= i Aij = 1. By a compactness 
argument, we may assume that, for 1~ j < n, (zijli E N converges to the point 
Wj and (AijjiGN converges to the nonnegative number Aj. In the limit it 
follows that w = A,w i + . . . + A,w, and C;=,A, = 1. At least one of the Aj’s 
is positive, say A,. Since w is an extreme point of F, by definition we have 
wi = w, and hence w = limk _m zil. This contradicts (iii). 
(b)“If”:Then -wEC*.As(-w,w)<OandwEK*,wehave -we 
K. Hence - w ~5 C* \ K. From the proof of (ii) * (i) in part (a), it follows 
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that the projection of R” onto span M along span{ - w} belongs to r(K). But 
this projection is the same as the orthogonal projection P.41. Hence M is an 
o.p.-exposed face of K. 
“Only if”: Suppose that the orthogonal projection qZ, belongs to r(K). 
Then the null space of Pfil is span{ - w}. From the proof of(i) 3 (ii) in part 
(a>, it follows that ( - w, Z) z 0 for every extreme vector .z of K* distinct 
from w. The proof is complete. n 
It may be worthwhile to point out that when the equivalent conditions in 
Theorem 3.2(a) are satisfied, the cone C may not be closed. Here is an 
example. 
EXAMPLE 3.3. Let K be the proper cone in R” whose dual cone K* has 
a full cross-section as given in Figure 1. Then d,,(Q(w)) is a maximal face 
of K of codimension one [whose dual face in K* is Q(w)]. Also w E cl C, the 
closure of the cone generated by the extreme vectors of K* distinct from w. 
So the equivalent conditions in Theorem 3.2(a) are satisfied. But the cone C 
is not closed, as z E cl C \ C. 
FIG. 1 
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COROLLARY 3.4. Every polyhedral cone is a p-exposed cone. 
Proof. Every polyhedral cone is the direct sum of a pointed polyhedral 
cone and a linear subspace. A linear subspace is always a p-exposed cone. So 
by Lemma 2.1 our result will follow if we can prove that every pointed 
polyhedral cone, or equivalently, every proper polyhedral cone, is a p- 
exposed cone (since every polyhedral cone is closed). 
Let K be a proper polyhedral cone, and let M be a maximal face of K. 
Then M is of codimension one, and d,(M) is an extreme ray of K”, 
generated by, say, the extreme vector w. Let C be the cone generated by 
extreme vectors of K* distinct from w. Then C is polyhedral and hence is 
closed. So w @ cl C, and by Theorem 3.2(a) M is a p-exposed face of K. This 
proves that each maximal face of K is a p-exposed face. But each maximal 
face of a polyhedral cone is itself a polyhedral cone. By repeated use of 
Lemma 2.3, the p-exposedness of the cone K follows readily. The proof is 
complete. n 
Barker, Laidacker, and Poole have proved that if K is a proper polyhedral 
o.p.-exposed cone then K is simplicial (see [3, Theorem 2.101). Unfortu- 
nately, their proof contains a gap. (The assertion that there exists an extremal 
f n + 1 of K* lying outside tJ Lj is false.) However, their paper contains clues 
which led to our discovery of two characterizations of proper polyhedral 
o.p.-exposed cones. Before we come to that we need two lemmas. 
LEMMA 3.5. Let x ,,.. ., xt he vectors in R” such that (xi,xj) < 0 for 
i # j, 1~ i, j < t. Then t < n + 1. 
Proof. Suppose that t >/ n + 2. Without loss of generality, assume that 
rr,...>r, are linearly independent. Denote by K the simplicial cone 
POSIX,, . . . , x,,}. We contend that K* c K. This is established if we can show 
that K contains an n-dimensional self-dual simplicial cone, or equivalently 
contains an orthonormal basis of R”. We construct the required orthonormal 
basis by the Gram-Schmidt process. 
First, we take ur = x1 / Ilxr]]. At the (k + 1)th step suppose that we have 
constructed an orthonormal set of k vectors, say {u,,. . .,uk), such that 
ui E PO&,,..., Xi] for l<i<k. Let Uk+r=Wk+r/]IWk+r]], where wk+r= 
xk+l -x:k=dXk+l ,uj)ui. Then, as is well known, (ur ,..., nk+r] is an or- 
tbonormal set. Furthermore, for each i, 1 <i (k, we have (xk+r,ui) < 0, 
since ui E pos{xr,. . . , xi} s pos{xl,. . . , xk], as well as (xk+l,xj) < 0 
for 1 < j < k. Hence wk+r (or Uk+r) E pos(rk+r, ur,. . . , t‘k} L 
pos{x 1, . . ) x k+l}. Clearly this process can be continued to produce in K an 
orthonormal basis of R”. 
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We have proved that K*cK. As (xi,x,+,) <O for each i, l<i<n, 
clearly - x,+r E int K* 2 K. Similarly, - x,+~ E int K*. Hence, we have 
(- x,+1, - x,+2 ) > 0. On the other hand, by the given hypothesis, we also 
have (- x,+r, - x,+~) = (x,+r,x,+s) < 0. Thus we have arrived at a con- 
tradiction. n 
LEMMA 3.6. Let K be a proper cone in R”. Suppose that for any two 
distinct extreme vectors x, y of K, we have ( x, y ) < 0. Then K is a simplicial 
cone. 
Proof. Suppose that K is not a simplicial cone. Then K contains at least 
n + 1 distinct extreme vectors, say, x1,. . . , x,, + 1. Choose some vector z E 
int K*, and denote by P the orthogonal projection of R” onto [spar&}] I. 
For each i, 1 <i < n + 1, note that xi = hiz + Px, for some hi > 0, since 
(z,x,)>O. Thus for i#j, l<i,j<n+l, we have (P~~,Pr~)=(x~,x~)- 
hihj)]z(]s < (ri,xj) < 0. But the vectors Px,,..., Px,+~ all lie in an (n -l>- 
dimensional subspace. This contradicts the result of Lemma 3.5. W 
THEOREM 3.7. Let K be a proper polyhedral cone in R”. The following 
are equivalent conditions : 
(i) K is an o.p.-exposed cone. 
(ii) For any two distinct extreme vectors z, w of K*, we have (z, w ) < 0. 
(iii) Each maximal face of K is an o.p.-exposed face. 
When the equivalent conditions are satisfied, K is simplicial and subpolar 
(i.e., K c K*). 
Proof. The equivalence of (ii) and (iii) follows readily from Theorem 
3.2(b). The implication (i) = (iii) is obvious. To establish (ii) * (i), it suffices 
to show that condition (ii) is inherited by maximal faces of K; in other words, 
for each maximal face M of K, condition (ii) still holds if K* is replaced by 
M”. The o.p.-exposedness of faces of K will then follow from the equivalence 
of (ii) and (iii), and the fact that all faces of K are polyhedral. 
Note that by Lemma 3.6 K is a simplicial cone. Let M be a maximal face 
of K. Then M is an (n - I)-dimensional simplicial cone, and so is M”. By 
Lemma 2.5(b), we have M” = cl PM[ K*] = P,[K*], where the last equality 
holds because the cone K* is polyhedral (in fact, simplicial). Let zr, . . . , zn be 
the distinct extreme vectors of the simplicial cone K* with zr orthogonal to 
M. Then it is clear that PMzl,. . . , PMz,, are the n - 1 distinct extreme vectors 
of M”. Furthermore, for each i, 2 Q i < n, we have zi = PMzi + Ai.z for some 
hi < 0, since (zi, zr) < 0. Hence for i # j, 2 < i,j < n, we have 
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( PMzi, PMzj) < 0, in view of 0 > (zi,zi) = ( PM.zi, PMzj) + A,hjlI~,112. This 
part of the proof is complete. 
Last part: It is not difficult to prove that for a proper cone K, an extreme 
ray of K is an o.p.-exposed face iff it is contained in K*. (The result is 
implicitly contained in the proof of [3, Proposition 2.21.) The required 
necessary conditions for a proper polyhedral cone to be o.p.-exposed are now 
obvious. n 
The following corollary of Theorem 3.2(b) and Lemma 3.6 is obvious. 
COROLLARY 3.8. Let 
most n - 1 o.p.-exposed 
exposed polyhedral cone 
faces ). 
K be an n-dimensional proper cone. Then K has at 
faces of codimension one, unless K is an o.p.- 
(in which case K is simplicial and has n maximal 
We can now tell what a S-dimensional o.p.-exposed proper cone K should 
look like. First of all, K is always subpolar, so the angle between any two 
distinct rays of K is always less than or equal to r//2. If K is not simplicial, 
then it is either strictly convex, or has one or two maximal faces of codimen- 
sion one. In the case when K has two maximal faces of codimension one, a 
full cross-section of it is a 2-dimensional compact convex set which looks like 
Figure 2, where the two I-dimensional faces meet at a vertex and the angles 
LY, p are both less than or equal to rr /2. The case when the two I-dimen- 
sional faces do not meet, as in Figure 3, cannot happen. We give an 
explanation below. 
Suppose that K is a 3-dimensional cone with a full cross-section as in 
Figure 3. Then its dual cone K* will have a full cross-section as in Figure 4 
(whose boundary consists of four line segments and two curves). Pick any 
two extreme vectors zl, .a2 of K*, one from each side of the curved surface. 
FIG 2 
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Frc:. 4 
Then since d,,(@(tc;,) [d,,(@(u:,)] ‘1 15 an o.p.-exposed face of K of codimen- 
sion one, by Theorem 3.2(b), the ilmer products between w1 [ w,] and each 
of the extreme vectors .zl, z2, and w2 [w,] are nonpositive. Let z3 be the 
point where the line segments between w1 and u;~ and the line segment 
between z1 and z2 meet. Since (.zl, zui> < 0, 16 i < 2, and z3 E pos(w,, w,), 
clearly we have (z1,.z3) Q 0 and hence (.z1,.z2) < 0. Thus we have four 
extreme vectors in K”, namely wI, w2, zl, and .z2, such that the inner 
product between any two of them is nonpositive. This contradicts the resuits 
of Lemma 3.6. 
4. RELATION BETWEEN EXPOSED AND P-EXPOSED FACES 
Consider any proper cone K in R3 which contains a nonexposed extreme 
ray, say Q(x). Then M = cIK(@(x>) . IS c ear y a 2-dimensional maximal face 1 1 
PROJECTIONALLY EXPOSED CONES 237 
containing Q(x). Intuitively, it is obvious that M cannot be a p-exposed face 
of K. A heuristic argument runs like this. K has a curved surface which is 
“tangential” to M at Q,(x). Under any projection with range space span M, 
vectors on this curved surface “near” to Q,(x) will fall outside M. Based on 
this observation, we obtain the main theorem of this section, which is true for 
general cones. The following lemmas will be needed. 
LEMMA 4.1. Let K be a (general) cone in R”. Then the lineality space L 
of I< is not an exposed face ifl cl,, L) is not a p-exposed face. 
Proof. “Only if”: By Tam [13, Proposition 2.1(d)], when L is not an 
exposed face, there exists a nonzero vector x E K such that - x E cl K \ K. 
Then x is orthogonal to K* and hence belongs to 6,*(K*). Since - x E K*, 
clearly we have - x E S,*< K *). Hence S,*( K *) is not a linear subspace, and 
we can find a vector w E span 6:( K*) such that w @ cl a,*( K*). (The vector 
- x may not work.) Then necessarily w E cl K, because spanS,*(K*) 
is contained in lineality space of cl K, being orthogonal to K”. By 
Tam [13, Proposition 2.1(a)], cl,(L) = 6: 0 d,(L) = 6,*(K*). We are going to 
prove that 6,*(K*) is not a p-exposed face of K. 
Assume the contrary: that there is a projection P E r(K) with range 
space span 6,h( K*). Since w E cl K and Pw ( = w) @ cl 6,*(K*), by continu- 
ity of P at w there exists a vector y E K, sufficiently close to w, such that 
Py E cl 6,*(K*). But then Py QA K, which is a contradiction. 
“of”: Obvious. n 
Let C be a convex set in R”. For any point y E C, we denote by 
cone( y, C) the set {(Y(x - y): (Y > 0 and x E C]. Then cone(x, C) is a cone, 
known as the cone of C at y (see Tam [13, Sections 3 and 41). 
LEMMA 4.2. L_et K be a cone in R”. Let G be a p-exposed (an o.p.- 
exposed) face of K. Then for any x E G, cone(x, G) is a p-exposed (an 
o.p.-exposed) face of cone(x, K). 
Proof. First note that by Tam [13, Theorem 3.81, cone(x,G) is always a 
face of cone (x, K). Let P E r(K) be a projection (an orthogonal projection) 
with range space span G. Then it is straightforward to verify that 
P[cone(x, K)] = cone(x,G). Hence cone(x,G) is a p-exposed (an o.p.- 
exposed) face of cone(x, K ). n 
THEOREM 4.3. Let K be a cone in R”, and let F be a nonexposed face of 
K. Then cl,(F) is not a p-exposed face of K. 
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Proof. Let x be a vector in relint F. Then F = Q.(x). As F is a 
nonexposed face of K, by Tam [13, Corollary 4.21, cone(x,Q(x>) is a 
nonexposed face of cone(x, K). But cone(r, Q(x)) is the same as the lineality 
space of cone(x, K). Hence by Lemma 4.1, cl,,,,(,,K,[cone(r,~(x))] is a 
nonexposed face of cone(x, K). But by [13, Proposition 4.11, we have 
Cl cone(x,K)[cone(x,~(x))l =con4xaclK(@(x))). 
SO, by Lemma 4.2, cl,(F) = cl,(@(x)) is not a p-exposed face of K. n 
We readily obtain the following 
COROLLARY 4.4. Every p-exposed cone in R” is a facially exposed cone. 
COROLLARY 4.5. There does not exist a cone in R” which is not p- 
exposed but all of whose exposed faces are p-exposed faces. 
A cone K is said to be self-dual iff K = K*. In [7, Definition 1.1.141 
Iochum called a self-dual cone K in a Hilbert space semiregular (regular) iff 
for each exposed face (each face) F of K, the orthogonal projection PF 
belongs to r(K). (Th us a regular cone in his sense is the same as a self-dual 
o.p.-exposed cone, or what Barker [l] called a pelfect cone.) He posed the 
problem of determining all semiregular but nonregular self-dual cones 
[7, p. 231. In view of Corollary 4.5, clearly there are no finite-dimensional 
semiregular cones which are not regular. 
The converse of Corollary 4.4 is not true even for proper cones. We shall 
give a counterexample in Example 6.7. A partial converse is given below. 
THEOREM 4.6. Let K be a proper cone in R”, all of whose nontrivial 
faces are simplicial. (This is satisfied if in particular n = 3.) Then K is a 
p-exposed cone iff K is a facially exposed cone. 
Proof. “Only if”: Follows from Corollary 4.4. 
“H”: Let F be a nontrivial face of K. Then F is simplicial and is 
generated by linearly independent extreme vectors, say xi,. . . , x,. For each i, 
1 <i < r, note that d,(~(x,,...,xi_l,xi+l,...,xr)~ d,(@(xi)); otherwise, 
@(xi) = d,, 0 d,(@(xi) c d,, 0 d,(Wx,, . . , xi- 1, xi+ 1, . . . , x,)1 = 
WX 17...,xi_1Txi+l,...> x,.), which contradicts the assumption that F is sim- 
plicial. Hence, we can choose vectors zi E K* such that (.zi, xj) = Sij for 
1 < i, j Q r, where aij is the Kronecker symbol. Now it can be readily shown 
that the matrix x,zT+ . . . + xrzT belongs to r(K), is idempotent, and has 
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range space span F. This proves that F is a p-exposed face of K. Therefore, 
K is a p-exposed cone. n 
GROLLARY 4.7. Let K be a proper cone in R 3. Then K is a p-exposed (an 
o.p.- 
exposed) cone iff each maximal face of K is a p-exposed (an o.p.-exposed) 
face. 
Proof. We only need to prove the “if’ parts. First suppose that each 
maximal face of K is a p-exposed face. Since dim K = 3, by Theorem 4.6 K is 
a p-exposed cone if we can show that K is a facially exposed cone. Assume 
the contrary: that K has a nonexposed face F. Then necessarily cl,(F) is a 
Z-dimensional maximal face properly containing F. But then by Theorem 4.3, 
cl,(F) is not a p-exposed face. This contradicts the given assumption on the 
maximal faces of K. 
Now suppose that each maximal face of K is an o.p.-exposed face. If K is 
polyhedral, then K is an o.p.-exposed cone by Theorem 3.7. Otherwise, by 
the discussion after Corollary 3.8, K either is strictly convex, or has one or 
two maximal faces of codimension one. If K is strictly convex, then each 
nontrivial face of K is maximal, and hence by our hypothesis K is an 
o.p.-exposed cone. We now treat the case when K has two maximal faces of 
codimension one. (The remaining case can be treated similarly and is easier.) 
Then a full cross-section of K will look like Figure 2. It s&ices to show that 
each of the extreme rays @(xi), @(x,1, and @(x3) is an o.p.-exposed face, 
because all other nontrivial faces of K are maximal and hence are o.p.-exposed 
faces. Now as an o.p.-exposed face, each extreme ray in the curved surface is 
contained in K*. So by a limiting argument, the extreme rays @(x1> and 
@(x,1 also belong to K* and hence are o.p.-exposed faces. Now it should be 
clear that the inner products between the vector x3 and other extreme 
vectors of K are always nonnegative; in other words, xg E K*. Hence the 
extreme ray @(x3) is also an o.p.-exposed face. The proof is complete. n 
COROLLARY 4.8. Let K be a proper cone in R4. Then K is a p-exposed 
cone iff K is a facially exposed cone and each maximal face of K is a 
p-exposed face. 
Proof. “Only if”: Follows from Corollary 4.4 and the definition of a 
p-exposed cone. 
“If’: Since extreme rays of a proper cone are always p-exposed faces, and 
maximal faces of K are p-exposed faces by hypothesis, it suffices to show that 
each 2-dimensional face of K is a p-exposed face. Let F be a 2-dimensional 
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face of K generated by extreme vectors x 1 and x2. As K is a facially exposed 
cone, it is readily shown that d,(@(x,))g d,(@(x,)) and d,(@(x,))g 
d,(@(x,)). Hence we can find vectors z1,z2 E K* satisfying .zTxj = aij for 
1 < i, j < 2. Clearly the matrix x,zT + r2zl belongs to r(K) and is a 
projection with range space span F. This shows that F is a p-exposed face of 
K. The proof is complete. n 
5. THE CONE P(n) AND ITS DUAL CONE 
Let P(n) = (f:f is a real polynomial of degree < n and f(t) > 0, 
t E [O, l]}. The cone P(n) and its dual cone have been studied before by 
Barker and Thompson [4]. In this section we are going to study these cones 
in connection with the question of p-exposedness of faces. We shall settle a 
conjecture posed by Barker and Thompson. For the convenience of the 
readers, we collect below properties of the cone I’(n) that will be needed in 
the sequel. For the proof, refer to [4]. 
THEOREM 5.1. Let f be a polynomial in P(n). Then f can be written in 
the fm f,<x - cxl)“l(x - 02)“z . . . (x - cxk)‘Q, where ol,. . , ak are the dis- 
tinct zeros off in [0, 11, ni is even if oi @ (0, l}, fl or - f 1 is strictly positive 







For any polynomial g E P(n), g E Q(f > i. each oi, 1~ i < k, is a 
zero of g of multiplicity at least ni. 
a(f) is an extreme ray iff CjkCl nj = n, i.e., f has n zeros in [O, 11. 
W f) is a maximal face iff 
k=1 and n,= 
1 if “,E(O,l), 
2 if cx,E(O,l).’ 
Let m = n - Cgzl nj. Then P(m) is linearly isomorphic to Q(f > 
under the isomorphism given by h + hf. 
dp&-Nf 1) = We,, + . . . + E,~), where we use E, [ E P(n)*] to 
denote the point evaluation at (Y, i.e., e,(g) = g(o). 
d p(,)*(@(F,l + . * . + E,~)) = @(~3nf,,(x - aJ”~>, where 
6=+l and mi= 
1 if a,E{O,l}, 
2 if cqE(O,l). 
By Theorem 5.1 we note in particular that each maximal face of P(n) can 
be expressed in one of the following forms: @(xl, @cl - x), or @((x - (~1~) 
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for some (Y E (0,l). Barker and Thompson also prove that each nontrivial face 
of P(n)* is simplicial and P(n)* is a facially exposed cone (see Remark 2.4 
and Proposition 2.5 in [4]). By our Theorem 4.6 it is now clear that P(n)* is a 
p-exposed cone. This result is also stated as Theorem 3.4 in [4]. 
The following conjecture was posed by Barker and Thompson [5]. 
CONJECTURE. If rr > 2 and F is a nonzero face of P(n), then F is 
projectionally exposed iff F is equal to P(n) or is an extreme ray. 
We now know that the conjecture is correct if n is even, and false if n is 
odd. Before we come to our result, we first prove 
LEMMA 5.2. Let F be a muximal face of P(n), n > 2. Then 
(a) F is a p-exposed face of P(n) iff n = 2 or 3 and F is expressible in the 
fm W(x - a)2) fm some (Y E (O,l>. 
Moreover, 
(b) F is an extreme ray if n = 2, and 
(c) F is 2-dimensional if n = 3. 
Proof. “If’: Suppose that F is expressible in the form @((x - cuj2> 
where (Y E (0,l). If n = 2, then F is an extreme ray and hence a p-exposed 
face of P(n). So we need only consider the case when n = 3. 
Then F is e-dimensional with extreme polynomials x(x - (Y)~ and 
(1 - x)(x - (r)‘. By straightforward calculation, we have 
E,[(1-x)(x-~)2] =(Y2 and ~~[r(x-o)~]=(I-o)~, 
where s0 and si denote the point evaluations at 0 and 1 respectively. For 
any p E P(n) and o E P(n)* denote by p@u the linear mapping in r(P(n)) 
given by p@v(q) = v(9)p. It is now readily seen that 
4x - d2@ (141a)2 +(1-x)(r-n)28~ 
belongs to rr(P(n)) d an is a projection with range space span F. Hence F is 
a p-exposed face of P(n). 
“Only if’: As a maximal face of P(n), F can be expressed in one of the 
following forms: Nx), a(1 - x1, or N(x - (~1~) for some (Y E (0,l). First 
consider the case F = Q(x). Then F % @(x2), d,,,jQ(x2)]= Q(E,,), and 
242 CHEN-HAN SUNG AND BIT-SHUN TAM 
c1,,,,[@(x2>1 = dp(“)* [@(~a)] = a(x); that is, @(x2) is a nonexposed face of 
P(n) and cl,,,,C@(x2)] = F. So by Theorem 4.3 F is not a p-exposed face of 
P(n). Similarly, we can prove that @cl - x) is also not a p-exposed face. 
Now come to the case when F = @((x - a)“) for some cr E (0,l). If 
n > 4, then again we can show that F = @((x - LX>“) is a nonexposed face of 
P(n) and c~,(,~@((x - CU)~> = F; h ence F is not a p-exposed face of P(n). 
The remaining cases when F could be a p-exposed face of P(n) are covered 
in our lemma. The last assertion in the lemma is fairly obvious. m 
THEOREM 5.3. Let F be a nonzero face of P(n), n > 2. Then F is a 
p-exposed face of P( ) 8 n a one of the following conditions holds: 
(1) F is an extreme ray or equals P(n), or 
(2) n is odd and F can be expressed in the form 
where CY 1,. . . , ak are distinct points in (0, l), and n,, . . . ,rzk are positive even 
integers satisfying n, •t . f f + nk = n - 1. (Then F is a 2-dimensional face.> 
Proof. “If”: Similar to the proof of the “if” part of Lemma 5.2. 
“Only if”: Let F be a p-exposed face of P(n). Suppose that F is not 
P(n) itself, nor an extreme ray. Choose a face G of P(n) such that F is a 
maximal face of G. Since F is a p-exposed face of P(n), necessarily it is also 
a p-exposed face of G (see the proof of Lemma 2.2). As a face of P(n), G is 
linearly isomorphic to P(m) for some m < n. But the property of p-exposed- 
ness of faces is preserved under a linear isomorphism. So in view of Lemma 
5.2, G is linearly isomorphic to P(3) and under the isomorphism F corre- 
sponds to a face of P(3) of the form @((x - LU>~) where LY E (0,l). Note that 
the face G can be P(n) itself, in which case n = 3, and F is of the form as 
given in (2). Otherwise, G can be expressed in the form @(f ), where f is a 
polynomial of degree n - 3, all of whose zeros belong to [0, 11, and F = 
@((x - aj2f 1. F ur th ermore, f cannot contain the zeros 0 or 1. For suppose 
that 0 is a zero of f; write f as xg. Then we have F d @((x - o)2g). Now 
there is a linear isomorphism between @((x - a>“g> and P(2), and under 
this isomorphism F corresponds to the face Q(x) of P(2). Noting that Q(x) 
is a maximal of face of P(2), by Lemma 5.2 Q(x) is not a p-exposed face of 
P(2). Hence F is not a p-exposed face of @((x - aj2g), and thus also not of 
P(n), which is a contradiction. We have proved that all the zeros off belong 
to (0, l), and hence are of even multiplicities (as f E P(n)). Thus n - 3 is an 
even number, and so n is odd. It is now clear that condition (2) of our 
theorem is satisfied. q 
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6. NONCLOSED P-EXPOSED CONES 
For nonclosed cones, the determination of p-exposedness of faces is a 
more intricate problem. We first begin with a necessary condition. 
LEMMA 6.1. Let F be a p-exposed face of a cone K. Then cl F = span F 
ncl K. 
Proof. By assumption there exists a projection P E r(K) such that 
8(P) = span F. Clearly P E ~(cl K), and hence we have 
spanFnclK= PclK~clPK=clF. 
It is obvious that cl F c span F CI cl K. So the equality holds. W 
For convenience, we shall use [li, . . . , l,,] instead of the customary 
notation (li,. . . , c,jT to represent a vector in R”. 
EXAMPLE 6.2. Let 
(see Figure 5), where Rt is the nonnegative orthant of R3. It is easily 
checked that K is an o.p.-exposed cone. Let 
FIG. 5 
244 CHEN-HAN SUNG AND BIT-SHUN TAM 
FK 6 
Then F d K. Since F is not closed, clearly F z span F f~ cl K. This example 
illustrates that in Lemma 6.1 the conclusion cannot be strengthened to 
F=spanFnclK. 
EXAMPLE 6.3. Let K be a cone in R3 with a full cross-section as given 
in Figure 6, where the curve is tangential to its endpoints, and both 
endpoints do not belong to the convex set. It is readily checked that K is a 
p-exposed cone. However, cl K is not a p-exposed cone, since it has nonex- 
posed faces. 
The preceding example shows that the closure of a p-exposed cone may 
not be a p-exposed cone. One may ask, if K is a cone whose closure is a 
p-exposed cone, when K will be a p-exposed cone. Here is a result in that 
direction. 
THEOREM 6.4. Let K be a cone in R” satisfying each of the following 
conditions : 
(a) cl K is a p-exposed cone, 
(bl For each nontrivial face F of K, span F 17 cl K = F, and 
(c) Each nontrivial face of K is simplicial. 
Then K is a p-exposed cone. 
Proof. Let F be a nontrivial face of K. We are going to show that F is a 
p-exposed face of K. Denote by G(F) the face of cl K generated by F. Since 
cl K is a p-exposed cone, there is a projection Q E ~(cl K) with range space 
span@(F). By our hypothesis F is a simplicial cone, generated by, say, the 
extreme vectors x1,. . . , xr. Let yr, . . . , y, be the extreme vectors of F” such 
that yTrj = aij. It suffices to prove that P[@( F)“] = F”, where P denotes 
PROJECTIONALLY EXPOSED CONES 245 
the orthogonal projection of span (D(F) onto span F. For then for 1~ i < r, 
we can find vectors zi E @(Flu such that Pzi = yi. Furthermore, rr.zy 
+ . . . + ~r~Tlspa”O(F) E T(@( F)) and is a projection with range space span F. 
Then (x,.z: + * *. + r.&X&P(F))” Q is a projection in r(K) with range 
space span F. 
By condition (c), we have 
F=spanFOclK=spanFnspan@(F)nclK=spanFn@(F). 
Hence by Lemma 2.5(b), cl P[@(F)“] = [span F n Q(F)]” = F”. The proof is 
complete if we can show that P[ @( F)“] IS a closed set. Denote the null space 
of P by N(P). It is straightforward to verify that N(P)n Q(F)” is equal to 
the lineality space of Q(F). So N(P)n Q(F)” is a linear subspace, and, as is 
well known, then I’[@( F)“] is closed [since Q(F)” is]. The proof is com- 
plete. n 
REMARK 6.5 
(1) In the hypotheses of Theorem 6.4, we could have replaced condition 
(b) by the weaker condition “ For each nontrivial face F of K, span O( F) n 
cl K = cl F” (that is, the necessary condition given in Lemma 6.1 for p- 
exposedness), because then by condition (c) every nontrivial face of K is 
closed. 
(2) When the hypotheses of Theorem 6.4 are satisfied, the cone cl K 
need not be pointed. As an example, consider the cone 
U{h[O,l, -l]:A>O}. 
(3) In Theorem 6.4, if condition (c) is replaced by the weaker condition 
“each nontrivial face of K is a pointed polyhedral cone,” the result no longer 
holds. We give a counterexample below. 
EXAMPLE 6.6. Let K be the cone in R5 given by 
246 CHEN-HAN SUNG AND BIT-SHUN TAM 
where F is a 3-dimensional cone with four extreme rays obtained as the 
intersection of a 3-dimensional subspace H with ([lr, tz, la, &,O]: & > 0 Vi}. 
(It is known that if C is an m-dimensional pointed polyhedral cone with at 
most n maximal faces, then there exists an m-dimensional linear subspace H 
of R” such that H n RF is linearly isomorphic to C, and conversely.) Then 
clK= R: and hence is a p-exposed cone. Nontrivial faces of K are: 
the extreme ray @([O, O,O, 0, l]>, F, and nonzero faces of F. By our choice 
of F, clearly, we have span F n cl K = F. Also for any G 4 F, we have 
span G n cl K = span G n span F n cl K = span G n F = G. So condition (b) of 
Theorem 6.4 is satisfied. It is also clear that all nontrivial faces of K are 
polyhedral. However, as we are going to show, F is not a p-exposed face 
of K. 
Suppose that there exists a projection P E T(K) with range space span F 
( = H). Then P E r(cl K). Denote by Q(F) the face of cl K ( = R: ) gener- 
ated by F, in other words, the face {(fr, CZ, la, ld,,O>: & > 0, 1 < i < 4). Then 
PI spana(r) is idempotent and belongs to r(@(F)). But Q(F) is a simplicial 
cone, so PIspan* is generated by rank-one operators in &Q(F)) and hence 
fMPI ,,,~(F))ncP(F)=Hn~(F)= F is a simplicial cone, according to Tam 
[12, Proposition 4.21. But this contradicts our assumption on F. 
As a further illustration of the use of Lemma 6.1 (and Lemma 4.21, in the 
example below we construct a 4-dimensional proper cone whose duality 
operator is one-to-one and onto, but the cone is not p-exposed. Our construc- 
tion makes use of the concept of the cone of a convex set at a point, and the 
fact that there exists a 3-dimensional nonclosed cone which is not p-exposed, 
but whose duality operator is one-to-one and onto (cf. Theorem 4.6). 
EXAMPLE 6.7. Let C be the compact convex set in R3 with the set 
of extreme points {[k-‘(- 1 - k-‘12), kp2, k-‘1 : k = 1, 2,. . . ) U 
([0,2,1],[1,0,1],[0,0,0]}U([k~‘,0,k~1~2]:k=1,2 ,... }. Let K be the proper 
cone in R4 given by {A[xT, 11: A > 0, x E C}. 
In view of Theorems 4.5 and 4.7 in Tam [13], to prove the bijectivity of 
d,, it suffices to show that for each nonzero extreme vector y E K, the 
duality operator d, of cone( y, K) is bijective. Now each nonzero extreme 
vector y of K comes from a unique extreme point x of C. By [13, 
Proposition 4.91, for any x E C, we have 
cone([xr,l],K)= [ cone(x,C),O] *span{[P,I]) 
where [cone(x, C),Ol= ([wr,Ol E R”+l: w E cone(x,C>}. It follows that the 
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cone ( [O,O,Ol.C ) 
bijectivity of d, is established if we can show that for each extreme point x 
of C, the duality operator of cone(x,C) is bijective. 
Consider the cone of C at the extreme point [O, O,O] first (see Figure 7). 
It is not difficult to see that cone([O, O,O], C) can be obtained from the proper 
cone in R3 generated by the set of extreme vectors 
by removal of the subset pos([ - l,O, 11, [O, 0, 11) \ ([O,O, 011. It is readily 
checked that the duality operator of cone([O, O,O], C> is bijective. For any 
other extreme point x of C, it can be proved that cone(x,C) is a polyhedral 
cone, and hence its duality operator is bijective. [The point is, possible 
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extreme vectors for cone(x,C) are of the form cr(y - xl, where (Y B 0 and y 
is an extreme point of C. By dividing into different cases, it can be checked 
that - x is always an extreme vector of cone(x, Cl. Furthermore, - x is not 
the limit of a sequence of distinct extreme vectors of cone(x,C). It follows 
that cone(x,C) can have only finitely many extreme rays.] We have proved 
that the duality operator d, is bijective. 
Let F be the face of K generated by the set of extreme vectors 
([0,0,O,l])~{[k-‘,0,k-1/2,1]:k = 1,2,...}. Denote by fl the face of C cor- 
responding to F. Then [O,O, 0] E F, and cone([O, O,O, I], F) is the direct sum 
of [cone([O, O,O], El, 0] and a I-dimensional subspace [see Figure 7 
for cone([O, 0, 01, $11. It is easily seen that cl cone([O, 0, 0, 11, F) # 
span cone([O, 0, 0, I], F) n cl cone([O, 0, 0, 11, K). Hence, by Lemma 6.1, 
cone([O, O,O, 11, F) is not a p-exposed face of cone([O, O,O, 11, K), and by 
Lemma 4.2, F is not a p-exposed face of K. We have shown that K is not a 
p-exposed cone. 
7. FURTHER SUFFICIENT CONDITIONS FOR P-EXPOSED FACES 
In Theorem 3.2 we give necessary and sufficient conditions for a maximal 
face of codimension one of a proper cone to be p-exposed or o.p.-exposed. By 
extending the ideas there we are able to prove further sufficient conditions. 
LEMMA 7.1. Let K be a proper cone in R” and let F _a K. Let C be the 
cone generated by extreme uectors of K* lying outside d,(F). Then F is a 
p-exposed fac9 of K if there exists a projection Q of R” with null space span F 
such that & c - C*. When the condition is satisfied, we have, in fact, 
Q[intK]c-C*\(-K)andh ence C* 2 K. Also F is an o.p.-exposed face of 
K if (I - P,)K c - C*. 
Proof. Let P = Z - Q. Then P is a projection with range space span F. 
We are going to prove that P E r(K). 
Let x E K. Let .z be an extreme vector of K*. If z E d,(F), clearly, we 
have (Pr, Z) = 0. If z e dK( F) then z E C. Furthemiore, we have (x, z) >, 0, 
as x E K and z E C G K*. Also, (Qx,z) < 0, as QK L - C”. Hence, (Px,z) 
= (r, z ) - ( Qx, z ) > 0. We have proved that P E z-(K). Our argument clearly 
also establishes the sufficient condition for o.p.-exposedness of faces. 
There is no vector r E int K such that Qx E - K. Indeed, if x is such a 
vector, choose some nonzero vector z E dK( F). Then we have 0 < (z, r ) = 
(z, Px) + (z, Qx) = (z, Qx) < 0, which is a contradiction. n 
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LEMMA 7.2. L.et K, F, C have the same meanings as in Lemma 7.1. lf 
cl C f~ d,(F) = (0) then dim F + dim d,(F) = n. 
Proof. Denote by Q the orthogonal projection of R” onto [span dK( F)] l. 
Assume to the contrary that dim F + dim d,(F) < n. Then span F is a proper 
subspace of [span dK( F)] ‘. To put it differently, the orthogonal complement 
of span F in [span dK( F)] l, which we denote by W, is nonzero. By Lemma 
2.5(b), cl Q[ K*] is equal to the dual of cl,(F) in [span dK( F)] I. Denote the 
latter set by cl,(F)+@. We contend that W ncl,(F)# #{O). If F = cl.(F), 
then cl,(F) is not a full cone in [span d,(F)] I, and clearly W is contained 
in cl,( F>#. If F # cl,(F), then F is a nontrivial face of cl,(F) and its dual 
face in cl.(F) # is clearly contained in W. So in both cases, we have 
W ncl,(F>##{O). 
Now choose any nonzero vector u: from W ncl,(F)#. Then from the 
above, u; E cl Q[ K*]. We contend that w E Q[ K*]. Assume the contrary: that 
for some .z E K*, QZ = w. Then for any r E F, (z,x) = (z - Qz,x)+(w,x) 
= 0, in view of the fact that z - QZ E N[Q] = span d,(F) and the definition 
of W. Hence z E dK( F), and so w = QZ = 0, contradicting our choice of w. 
Thus w E cl Q[ K*] \ Q[ K*]. 
Let (~~1~ EN be a sequence of vectors in K* such that limk ~30 Qzk = w. 
Since K* = C + dK( F) and Q[dJ F)] = 0, we may assume that all zk belong 
to C. Note that the sequence (]lzk]]lk EN tends to infinity; otherwise, by 
considering a convergent subsequence of (~~1~ E N, we could readily deduce 
that w E Q[ K*], contrary to what we have established above. Replacing 
(4k EN by a subsequence, if necessary, we may assume that (zk / ]l~~ll)~ E N 
converges to u ( # 0). From limk em Q.zk = w, it follows that QU = 0. So 
0 # u E d,(F) n cl C, which is a contradiction. n 
We now come to the main result of this section. 
THEOREM 7.3. Let K be a proper cone in R” and let F 4 K. Denote by C 
the cone generated by the extreme vectors of K * lying outside dK( F). Then we 
h ave: 
(a> The following conditions are equivalent: 
(i> cl C n d,(F) = {O}, 
(ii) S[C*] = span d,(F), where S denotes the orthogonal projection of R” 
onto span dK( F). 
(bl When the equivalent conditions in (a) are satisfied, we have 
(i) dim F + dim d,(F) = n, and 
(ii) F is an exposed as well as a p-exposed face of K. 
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Proof. (a): First, note that cl C n span d,(F) = cl C n span d,(F) n K* 




iff C*+[spand,(F)]l =R” 
iff S[C*] = spand,( F). 
(b) (i) follows from Lemma 7.2. 
(ii): In general, F <lclK(F). I n view of (i), dim F = dimclK(F). Hence 
F = cl,(F), and F is an exposed face of K. 
To prove the p-exposedness of F, we proceed as follows. Choose 
any k linearly independent vectors, say zi,. . .,zk, in d,(F), where k = 
dim d,(F). For each i, 1 <i <k, choose a vector wi from the set 
[spar&,, . . , zi _ 1, zi+ 1,. . . , z,}] n span d,(F), and normalize it so that wlr,zi = 
- 1. Since S[C*] = span d,(F), for each i, 16 i < k, we can find a vector 
E C* such that Sy, = w.. Then since w,r.z. = - 6. ., clearly we also have 
:?z. = - 6. . . Let Q = - ik= y.-sr. Then it’ is readily seen that Q is a 
pio;ection ‘6f rank k and QK1c ‘-‘C *. As zi E d,(F) for each i, obviously 
span F c N[Q]. But span F and N[ Q] h ave the same dimension, namely 
n - k, and hence they are in fact equal. We can now apply Lemma 7.1 to 
conclude that F is a p-exposed face of K. n 
COROLLARY 7.4. Let K, F, C, and S have the same meanings as in 
Theorem 7.3. 
(a) The following conditions are equivalent: 
(i) S[Cl c - d,(F). 
(ii) - d,(F)” c C*. 
(b) F is an o.p.-exposed face of K if S[ C] c - D for some simplicial cone D 
satisfying D c d,(F). (Th is is satisfied if, in particular, d,(F) is a 
simplicial cone and S[C] c - d,(F).) 
Proof. (a) (i) j (ii): By taking duals of both sides of (i) in span d,(F), 
we see that - d,(F)” is contained in the dual of S[C] in span d,(F). But by 
Lemma 2.5(a), the dual of S[C] in spand,(F) is spand,(F)n C*, which is 
contained in C*. So (ii) follows. 
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(ii)*(i): Condition (ii) is clearly equivalent to - d,(F)” c C” TI 
span d,(F). Taking duals of both sides in span d,(F) and making use of 
Lemma 2.5(b), we obtain 
-d,(F)~dualof[C*nspand~(F)] inspand,(F) 
=clS[clC] 
(b): First, we show that cl C n d,(F) = (O}. Assume the contrary: that 
there exists a nonzero vector .a E cl C n dK( F). Since the condition S[C] G 
- d,(F) implies that S[cl C] c - d,(F) and S is the identity on span d,(F), 
we have z = Sz E d,(F) n [ - dK( F)], which contradicts the pointedness of 
the cone d,(F). 
By Lemma 7.2, dim dK( F) = n -dim F = k, say. Enlarging the cone if 
necessary, we may assume that the simplicial cone D has the same dimen- 
sion as the cone d,(F). Let zi,... ,zk be the distinct extreme vectors of D, 
and let yl,..., yk be the distinct extreme vectors of D” such that gFyj = Sij 
for 1~ i, j < k. The assumption S[C] G - D implies that D” E - S[C]” = 
-[C* n span d,(F)] c - C*. Hence yl,. . . , yk E - C*. Let Q = ylzT 
+ . *. + y&. As zi,..., zk E D s d,(F), it is clear that QK c - C*. It is 
also readily seen that Q is the orthogonal projection of R” onto span dK( F), 
i.e. Q = I - Pr. Therefore, by the last part of Lemma 7.1, F is an o.p.- 
exposed face of K. n 
For any face F of a proper polyhedral cone K, the condition cl C n 
d,(F) = 10) of Theorem 7.3(a) is clearly satisfied. So Corollary 3.4 also 
follows readily from Theorem 7.3. It should also be clear that, using Theorem 
7.3 and Corollary 7.4 respectively, we can easily recapture Theorem 3.2(a) 
(ii) * (iii) and the “if’ part of (b). 
We can interpret our results [Theorem 3.2(a) and Corollary 7.4(b)] on 
o.p.-exposedness of faces of a proper cone as follows. 
For a maximal face M of codimension one, M is an o.p.-exposed face iff 
the angle between the extreme ray d,(M) and any other extreme rays of K* 
is not less than r/2. And in general, for any face F of K, F is an o.p.-face of 
K provided that dK( F) is “sufficiently far away” from C [the cone generated 
by extreme vectors of K* lying outside dk( F)], in the sense that if we project 
C orthogonally onto span d,(F), then the image lies in some simplicial cone 
contained in - d,(F). 
Unfortunately, the sufficient conditions for p-exposedness or 0.p. 
-exposedness given in this section (Lemma 7.1, Theorem 7.3, and Corollary 
7.4) are far from being necessary conditions. The sufficient condition cl C n 
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d,(F) ={O) is too strong. By considering, for instance, the S-dimensional 
ice-cream cone as an example, one can see that even the weaker condition 
dim F + dim d,(F) = n is still not a necessary condition for F to be a 
p-exposed face. In fact, it is not difficult to construct a proper subpolar cone 
K in R3 which has an extreme ray F (and hence an o.p.-exposed face) such 
that d,(F) is Z-dimensional, and the closure of the cone generated by 
extreme vectors of K* lying outside d,(F) is K* itself [so we do not have 
cl C = K*, not to say the stronger condition cl C n d,(F) = {O}]. 
The second author would like to thank G. P. Barker for many valuable 
discussions, especially for drawing his attention to the work of Iochum [7]. 
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